SIMPLICITY OF ALGEBRAS ASSOCIATED TO ETALE GROUPOIDS 
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Abstract. We prove that the C*-algebra of a second-countable, etale, amenable group- 
oid is simple if and only if the groupoid is topologically principal and minimal. We also 
show that if G has totally disconnected unit space, then the associated complex *-algebra 
introduced by Steinberg is simple if and only if the interior of the isotropy subgroupoid 
of G is equal to the unit space and G is minimal. 



1. Introduction 

It has been known since Renault's seminal work in 1980 [27] that if a second-countable, 
etale, amenable groupoid is both minimal and topologically principal, then its C*-algebra 
is simple. Whether the converse holds was an open question until now. In this paper 
we answer this question in the affirmative: the C*-algebra of a second-countable, etale, 
amenable groupoid is simple if and only if the groupoid is both topologically principal 
and minimal. We also establish the corresponding theorem for the algebras A{G) of 
[53] . There are many classes of C*-algebras with etale groupoid models (see for example 
0[IOl[ia[l3l[l5l[IHl[25l|271[3Ol|35]), sowe expect that our results will find numerous 
applications. 

Let G be a groupoid which is etale in the sense that r, s : G — G^^^ are local homeomor- 
phisms. Arguments of [27] show that if G is topologically principal in the sense that the 
units with trivial isotropy are dense in the unit space, and minimal in the sense that the 
unit space has no nontrivial open invariant subsets, then the reduced C*-algebra C*{G) 
is simple. The converse of this theorem is false. It is true that if C*{G) is simple then G 
is minimal, but G need not be topologically principal (see Example 16. ip . 

If we re-interpret Renault's result as the assertion that for groupoids G whose full 
and reduced C*-algebras coincide, if G is both topologically principal and minimal, then 
G*{G) is simple, the situation regarding the converse is less clear. Recent results about 
higher-rank graphs [201 ES] show that the converse does hold for some known classes of 
examples. 

Complex algebras A{G) associated to locally compact, Hausdorff, etale groupoids G 
with totally disconnected unit spaces were introduced recently by Steinberg in [33] and 
further examined in [7]. These algebras, which we call Steinberg algebras, include the 
complex Kumjian-Pask algebras of higher-rank graphs studied in [1], and hence the Leavitt 
path algebras of directed graphs studied in [1]. The criteria of [32] which characterise 
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simplicity of a /c-graph C*-algebra also characterise simplicity of the associated Kumjian- 
Pask algebra [U Theorem 5.14]. Encouraged by this, we set out to investigate simplicity 
of A{G). 

We originally hoped to prove that G is topologically principal and minimal if and only 
if A{G) is simple (amenability issues vanish in the algebraic setting). The literature 
suggested that it would be difficult to pinpoint a necessary and sufficient condition for 
simplicity of G*{G), but we hoped that many technical obstacles would vanish in the 
algebraic setting. Specifically, we expected that Renault's argument could be adapted to 
prove the "only if implication; and we hoped that in the situation of algebras, where 
there are no continuity hypotheses to check when constructing representations, we could 
adapt the ideas of [321 Proposition 3.5] to prove the converse. 

Our early attempts to prove the result failed, and eventually we came to the conclusion 
that the natural necessary condition was not that G is topologically principal, but that no 
open subset of G \ G^"^ consists entirely of isotropy. For if this condition fails in an etale 
groupoid with totally disconnected unit space, then there exists a compact open set B 
consisting purely of isotropy on which the range and source maps are homeomorphisms. 
It follows that lr{B) — Is belongs to A{G) and vanishes under a natural homomorphism 
from A{G) to the algebra of endomorphisms of the free complex module F(G'^°^) with basis 
(see Proposition 14. 4p . The condition that no open subset of consists entirely 

of isotropy is equivalent to saying that the interior of the isotropy subgroupoid of G is 
G^'^\ and is formally weaker than G being topologically principal. What came as a bit 
of a surprise to us was that this weaker necessary condition, together with minimality, is 
also sufficient for simplicity of A{G) (see Theorem 14. Renault's arguments run almost 
unchanged. 

It came as a substantially greater surprise when we discovered that the arguments we 
had developed for A{G) could be adapted to the C*-algebraic setting provided that G 
is second-countable, and that we could then drop the requirement that G^^^ is totally 
disconnected. That is, we had discovered the aforementioned necessary and sufficient 
condition for simplicity of G*{G): if G is second-countable, etale, and amenable, then 
C*{G) is simple if and only if the interior of the isotropy subgroupoid of G is G^^^ and G 
is minimal. 

This led us back to our original question, rephrased as follows: is an etale groupoid 
G topologically principal if and only if the interior of the isotropy is equal to G^^^? The 
answer is "no" in general (see Example 16. 3p . but if G is second-countable and etale, then 
the answer is "yes" (see Lemma [3.3p . So, a little ironically, the result we had hoped to 
prove about A{G) is not true in general, but the corresponding result for G*{G), which 
we originally had no notion of proving, is (see Theorem 15. ip . 

After a short preliminaries section, we describe in Section |3] a number of equivalent 
conditions on a locally compact, Hausdorff, etale groupoid G, one of which is that the 
interior of the isotropy subgroupoid of G is G^^\ Next, we show that these equivalent 
conditions are formally weaker than G being topologically principal, but are equivalent 
to G being topologically principal if G is second countable. We present our structure 
theorems for the Steinberg algebra A{G) in Section HJ In Section Owe prove C*-algebraic 
versions of these results. We choose to pay the price of more-technical statements in order 
to describe how our techniques apply to non-amenable groupoids. In a short examples 
section we indicate why our techniques cannot be adapted to characterise simplicity of 
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the reduced C*-algebra of an etale groupoid and why our resuhs do not extend readily 
to twisted groupoid C*-algebras. We also provide an example of a non-etale groupoid 
in which every unit has infinite isotropy but no open set consists entirely of isotropy. 
Moreover, by changing the topology, we construct an etale groupoid with totally discon- 
nected unit space (which is not second countable) with the same property. We finish by 
discussing how our results relate to those of Exel-Vershik [TT] and of Exel- Renault [TU] . 

In the late stages of the preparation of this article we learned that Renault has proved 
a version of Lemma IX^ in [5U| Proposition 3.6]. We thank Alex Kumjian for bringing this 
to our attention. 

Acknowledgements. Thanks to Iain Raeburn, Astrid an Huef, and Dana Williams 
for a number of helpful conversations. Thanks also to Alex Kumjian and Paul Muhly for 
very helpful email correspondence. 

Aidan thanks his Dad for making him learn his Baire category theory. Perhaps you 
were right about eating vegetables too. . . 

2. Preliminaries 

If X is a topological space and D C X, then we shall write D° for the interior [J{f/ C 
D : U is open in X} of D. 

A groupoid G is a small category in which every morphism has an inverse. When G 
is endowed with a topology under which the range, source, and composition maps are 
continuous, G is called a topological groupoid. We say G is etale if r and s are local 
homeomorphisms. It then follows that G^^^ := {77"^ : 7 G G} is both open and closed in 
G. For a more detailed description of etale groupoids, see [23] . 

A subset B of G such that r and s both restrict to homeomorphisms of B is called 
a bisection of G. If G is a locally compact, Hausdorff, etale groupoid, then there is a 
base for the topology on G consisting of precompact open bisections. As demonstrated 
in [71 123], if G^'^^ is totally disconnected and G is locally compact, Hausdorff, and etale, 
then there is base for the topology on G consisting of compact open bisections. 

For subsets D, E of G^^\ define 

GD:={ieG: s(7) e D}, := {7 e G : r(7) G E} and Gg := G^ n Go- 

In a slight abuse of notation, for u,v E G^"-* we denote G„ := Gj^}, G^ := G^""^ and G^ := 
G^nGu- The isotropy group at a unit m of G is the group G^ = {7 G G : r{j) = 5(7) = u}. 
We say u has trivial isotropy if G^ = {u}. The isotropy subgroupoid of a groupoid G is 
Iso(G) := IJneG(o) ^u- Since r and s are continuous, the isotropy subgroupoid of G is a 
closed subset of G. 

A subset D of G*^''-' is called invariant if 5(7) G D =^ r(7) G D for all 7 G G. Since G 
contains inverses, this is equivalent to saying that D = {r(7) : 5(7) G D} = {5(7) : r{'y) G 
D}; hence Gd = G^, and G^j is a groupoid with unit space D. Also, D is invariant if 
and only if its complement is invariant. 

For subsets S and T of G, define ST = {7a : 7 G S*, a G T, and 5(7) = r(a)}. We 
write 5*^ for S{u}. 

Definition 2.1. Let G be a locally compact, Hausdorff groupoid. We say that G is 
topologically principal if {m G G*^°^ : G^ = {«}} is dense in G^°\ We say that G is 
minimal if G^^-* has no nontrivial open invariant subsets. 
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Remark 2.2. To relate our later results to those of Thomsen [31], we observe that an 
etale Hausdorff groupoid G is topologically principal if and only if each open invariant 
subset of G^^^ contains a point with trivial isotropy. To see this, note that the "only 
if implication is trivial. So suppose that every open invariant set contains a point with 
trivial isotropy, and fix an open subset U of Then r{Gu) is an open invariant 

set, so contains a point u with trivial isotropy. Fix 7 G Gu with r(7) = u. Since 
G^l^l = 7~^G'"7 = 7~-^{n}7 = r(7), we see that 5(7) has trivial isotropy. That is, the set 
U contains a point with trivial isotropy. So G is topologically principal. 

It follows immediately from this that if a minimal groupoid G has a unit with trivial 
isotropy then it is topologically principal. 

Remark 2.3. In groupoid literature, the condition which we are calling topologically prin- 
cipal has gone under this name and a number of others, including "essentially free," 
"topologically free," and "essentially principal." We have chosen the one we believe to 
be least open to misinterpretation. The usage of the term "principal" for groupoids with 
everywhere-trivial isotropy is standard, so "topologically principal" is suggestive. We 
chose this term over the term "topologically free" because the latter has a different usage 
for transformation groups. The word "essentially" in the other two variants is more sug- 
gestive of a measure-theoretic rather than a topological condition. Our choice also seems 
to match what Renault himself has settled on [30] [3T] . 

Similarly, our usage of the term minimal seems to be standard (see, for example, [271 
Definition 1.4.1]) but is by no means universal. In statements of theorems, we spell out 
what we mean by each of these conditions in an effort to avoid any misunderstandings. 

3. Topologically Principal Groupoids 

In this section, we establish some structure results for etale groupoids. The following 
lemma establishes the equivalent conditions that we use in Theorem 14.11 to characterise 
simplicity of A{G). 

Lemma 3.1. Let G be a locally compact, Hausdorff, etale groupoid. The following are 
equivalent: 

(1) The interior of the isotropy subgroupoid of G is G^'^^ ; 

(2) Iso(G) \ G^"^ has empty interior; 

(3) for every nonempty open bisection B C G \ G^^\ there exists 7 G -B such that 
5(7) ^ r(7); 

(4) for every compact K C G \ and every open U C G^^\ there exists an open 
subset V CU such that VKV = 0. 

Proof of Lemma \3.1[ Since G is etale, is both open and closed in G. So the interior 
S° of any subset ^ of G is equal to the disjoint union {S n U \ Thus ([I]) 

is equivalent to ([2]). 

We have =^ (E]) because open bisections are in particular open sets. That G is 
etale also implies that the collection of all open bisections of G form a base for the topology 
on G. In particular, every open set contains an open bisection, giving ([3]) =^ ([2]). 

To see @ implies ([3]), we prove the contrapositive. Suppose that ([3]) does not hold, 
and fix an open bisection Bq C G \ G^^^ such that r{'j) = 5(7) for all 7 G -Bq- That is, 
Bq C Iso(G). By shrinking if necessary, we may assume that Bq is precompact. Since G 
is locally compact and Hausdorff, G is regular. Thus, there is an open subset B of Bq 
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whose closure K is compact and contained in Bq. Let U = r{B), and fix a nonempty 
open subset V of U. Since K C Iso(G), we have VK = KV, and in particular VKV ^ 0. 
Hence dl]) does not hold. 

It remains to show that ([3]) implies (jlj). We begin with a claim. 

Claim 3.2. Suppose that B C is an open bisection and that 7 G -B\Iso(G'). Then 

there is an open set V C r{B) such that 7 G F-B and fl V = 0. 

Proof of Claim ISTB . Since r(7) 7^ 5(7) and G is Hausdorff, there exist open neighbour- 
hoods W of r(7) and VT' of 5(7) such that W n W = ij). Let 1^ := 1^ n r{BW'). 
Notice that r(7) G so is not empty. Then 7 G V^-B, and since is a bisection, 
s{VB) = s{WB n BW) C W' and hence is disjoint from V CW. D Claim O 

Now suppose ([3]), and fix a compact K C G\G'''°^ and an open U C We construct 
a nonempty open set C ?7 such that VKV = 0. U U is not a subset of r{K), then 
\^ = [/ \ r(_ft') will suffice, so suppose that U C r(K). Because G is regular and is 
open, there is a base for the topology on G \ consisting of precompact open bisections 
whose closures are themselves contained in open bisections which do not intersect G^^\ 
Since K is compact, we may cover K by a finite set B of such precompact open bisections. 
For each B E B, fix an open bisection Cb such that B C Cb G \ G^^\ For each B E B 
the set UGb is an open bisection which does not intersect G^'^\ and the r{B) cover U so at 
least one UGb is nonempty. So Q implies that there exists 7 G Usee \ Iso(G). Let 

:= {B e B : e UGb}- For each B e J^, Claim O yields an open set Vb C r(t/Cs) 
such that s{VbGb) fl Vb = 0- Let 

V ■.= Un{f]{VB : G ^}) \ [\JMB^):B' eB\J^}). 

Then V is open by definition, and nonempty because it contains r(7). 

Fix a G V-fC; we must show s{a) ^ V. Since a G -fC and S is a cover of K, we have 
a E B for some B E B. Also, since r(a) G V, we have B E J^. Hence 

s{a) G s{VB) C s(Vb5), 

and s(V5) n 1/ C s(Vb5) n Vb = 0. Therefore ^ V. Thus © implies @. □ 

Lemma 3.3. Lei G be a locally compact, Hausdorff, etale groupoid. If G is topologically 
principal in the sense that the units with trivial isotropy are dense in G^^\ then G satisfies 
the equivalent conditions described in Lemma \3.1[ If G is second countable, then G is 
topologically principal if and only if it satisfies the equivalent conditions of Lemma \3.1[ 

Proof. First suppose that G is topologically principal. Then [21 Lemma 2.3], implies that 
G satisfies Condition @ of Lemma 13.11 

Now suppose that G is second-countable and satisfies Condition of Lemma [XTl Let 
U be the interior of the set of points in C^^^ with nontrivial isotropy. We must show that 
U is empty. As in Remark 12. 2[ if 5(7) G U, then r(7) has nontrivial isotropy. Hence 
r{Gu) is open and consists of points with nontrivial isotropy, and so is contained in U; 
since the reverse containment is trivial, it follows that U is an open invariant set. Thus 
H := Gu is a second-countable, locally compact, Hausdorff, etale groupoid in which every 
unit has nontrivial isotropy, and H^^^ = U. We must show that U = 

Recall that a subset S" of a topological space X is nowhere- dense if the interior of the 
closure of S* in X is empty. Fix an open bisection B in H \U. Let Biso := {7 G 5 : 
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r(7) = 5(7)}. We claim that r{Biso) is nowhere-dense in U. To see this, suppose that 
V C r{Biso) is open. Then VB is an open subset of B, and hence an open bisection. Fix 
7 G VB. Then r(7) G V can be written as hm„^oo't^n for some sequence Vn G r(i?iso)- 
For each n, let 7„ be the unique element of VnB. Since rj^ is a homeomorphism, we have 
7 = lim„^oo7n- Hence 5(7) = lim„^oos(7n) = lim^^oo ?^(7n) = ^^(7)- Now condition 
of Lemma 13.11 implies that VB is empty, and hence V is empty. 

Since H is second- count able and H \ U is open, there is a countable collection B of 
open bisections in H such that H \ U = [JB. Since 7^ {«} for all u G U, we have 
Ubsz? '^(-^iso) = ^- So ?7 is a locally compact, Hausdorff space which can be expressed 
as a countable union of nowhere-dense sets. Hence the formulation of the Baire Category 
Theorem given in [T6| Theorem 6.34] implies that U is empty. □ 

Remark 3.4. The second statement of Lemma 13.31 need not hold if G is not second- 
countable (see Example 16. 4 p or if G is not etale (see Example 16. 3p . 

4. Simplicity of Steinberg algebras 

In this section, we restrict our attention to groupoids G that are locally compact, 
Hausdorff and etale, and have totally disconnected unit spaces. This puts us in the 
setting of [7]. 

Let 

A{G) := spanjle : -B is a compact open bisection} 
as in [7]. For f,ge A{G) C G^iG), define 

(1) r(7)=7(^;and 

(2) (/ * g){i) = Yl /(«)^?(«"^) = E f(^)9iP)- 

r(o)=r(7) a/3=7 

Under these operations and pointwise addition and scalar multiplication, A{G) is a com- 
plex *-algebra. It coincides with the complex inverse semigroup algebra CG introduced 
in [33] E We call A{G) the Steinberg algebra of G. 

Theorem 4.1. Let G be a locally compact, Hausdorff, etale groupoid such that G^'^^ is 
totally disconnected. Then A{G) is simple if and only if both of the following conditions 
hold: the interior of the isotropy subgroupoid of G is G^^\ and G is minimal in the sense 
that G^^^ has no nontrivial open invariant subsets. 

Our proof was guided by that of Theorem 5.14 in [1]. However, their arguments rely 
heavily on the underlying /c-graph structure so our approach looks very different. The first 
step is to prove that the Cuntz-Krieger uniqueness theorem for A{G) [3 Theorem 5.2] still 
holds if we replace the hypothesis that G is topologically principal with the hypothesis 
that the interior of Iso(G) is G^^\ 

Lemma 4.2. Let G be a locally compact, Hausdorff, etale groupoid with totally discon- 
nected unit space. Suppose that the interior of the isotropy subgroupoid of G is G^^\ and 
that IT is a homomorphism of A{G) such that ker(7r) 7^ {0}. Then there is a compact open 
subset V C G^o) such that vrfly) = 0. 

^We prefer the notation A{G) because Steinberg's notation CG suggests the free C-module with basis 
G, which is substantially larger. To avoid clashing with Steinberg's notation, we also use F(W) for the 
free complex module with basis W below. 
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Proof. Define / = ker(7r). Fix b e I \ {0}. Let c := b* * b. For u G G^^^ we have 
c{u) = ^ 6*(7~')K7) = E ^ n^^x|6(7)r. 

In particular, the function 

fc(7) if7eG(o); 
1 otherwise 

is nonzero. Because G^^^ is both open and closed, cq G 
Using Lemma 3.6 of [7] we may write 

Co = ^ flfjlc/, 

where W is a collection of mutually disjoint, nonempty compact open subsets of G^^\ and 
each au is nonzero. Let K be the support of c — cq. Notice that K (1 G\ G^^\ 

Fix U E U. Since Iso(G)° = G^^\ the implication ([1]) (jl]) of Lemma (3.11 implies 

that there exists an open set V U such that VKV = 0. Since G has a basis of compact 
open sets, we can assume V is also compact. 

For 7 G G we have 

(ly(c - Co)ly)(7) = ly(r(7))(c - Co)(7)ly(s(7)) = 0. 

So lyCly = lyColy = a[/ly. HeUCe ly G /. □ 

Another key ingredient in our proof of Theorem 14.11 is the following generalisation of 
the infinite-path representation of a Kumjian-Pask algebra as defined on page 9 of [1]. In 
our setting, the infinite-path space becomes the unit space of G. In fact, the construction 
of [1] works for any invariant subset W of G^^\ Given such a set W, we write F(iy) 
for the free (complex) module with basis W. We use these representations to construct 
nontrivial ideals of A{G) when there exists either a nontrivial open invariant subset of 
or a nonempty open subset of Iso(G) \ G^^\ 

Proposition 4.3. Let G be a locally compact, HausdorjJ, etale groupoid with totally dis- 
connected unit space and let W be an invariant subset of G^^\ 

(1) For every compact open bisection B C G, there is a unique function fs ■ G^"-* — )■ 
F(iy) that has support contained in s{B) and satisfies /b(s(7)) = r(7) for all 
7 G fi. 

(2) There is a unique representation nw '■ A{G) — )■ End(F(l^)) such that TiwiiB)^ = 
fsiu) for every compact open bisection B and all u E W . 

Proof. Let i? be a compact, open bisection in G. The formula 5(7) 1— )■ r{'~f) for 7 in B 
specifies a well-defined homeomorphism from s{B) to r{B). Thus, the function fs can 
be defined as stated in ([T]). To prove ([2]), first notice that the universal property of the 
free module F(iy) implies that there is an element G End(F(iy)) extending fs- Let 
c : G — )■ {e} be the trivial cocycle. Then every bisection of G is e-graded under c, so the 
set Bl°{G) of [71 Definition 3.10] is the set of all compact open bisections of G. We claim 
that the collection {ts ■ B e B';°{G)} gives a representation of Bl°{G) in End(F(Vr)) as 
defined in Definition 3.10 of [7]. 

To prove our claim, we must verify that: 

(Rl) t0 = 0; 
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(R2) tBto = tsD for all compact open bisections B and D; and 

(R3) tB + tn = tBuD whenever B and D are disjoint compact open bisections such that 
-B U -D is a bisection. 

It is straightforward to check that each of these conditions holds for the functions Jb, and 
hence for the endomorphisms tB as well. 

Now, the universal property of A{G), stated in Theorem 3.11 of [7], gives a unique 
homomorphism tiw : A{G) End{¥{W)) such that 71w{Ib) = tB for all B e 
The homomorphism nw is nonzero because tB is nonzero whenever s{B) fl 7^ 0. It 
satisfies 7iw{iB)u = because each ts extends /b. □ 

Proposition 4.4. Let G be a locally compact, Hausdorff, Stale groupoid with totally dis- 
connected unit space, and let it := Hq^o) : A{G) — )■ End(F(G*^'^^)) be the homomorphism of 
Proposition \4.3[ Then vr is injective if and only if the interior of the isotropy subgroupoid 
ofG IS 

Proof. First suppose that the interior of the isotropy subgroupoid of G is G^^\ Since 
tt{)-v) 7^ foi' all compact open V C G^^\ n is injective by the contrapositive of 
Lemma 14.21 

Now suppose that Iso(G)° ^ G^^\ By (jS]) of Proposition EUIS]), there exists a 

nonempty compact open bisection B <Z G\ G^^^ so that for every 7 G -B, r(7) = 5(7). To 
see that ker(7r) is non-trivial, notice that B ^ s{B) but = fs{B), where is defined 
in Proposition USUI])- Thus iiQmilB) = tt^jw (1^(5)) giving 1b - 1^(5) e ker^iTQm). Since 
B ^ s{B) we have 1_b — 1s(_b) 7^ 0, so ker(7r(^(o)) 7^ {0}. □ 

Proposition 4.5. Let G be a locally compact, Hausdorff, etale groupoid with totally dis- 
connected unit space. Then G is minimal in the sense that G^^^ has no nontrivial open 
invariant subsets if and only if every nonzero f E A(G) such that supp / C G^^) generates 
A{G) as an ideal. 

Proof. Suppose G is minimal. Fix / G A{G) \ {0} such that supp / C G^^\ Let / be the 
ideal of A{G) generated by /. Fix g G A{G)] we must show that g E I. Since / is nonzero 
and locally constant [3 Lemma 3.4], there exist c G C\{0} and a compact open bisection 
U C so that flu = c. Then 1^ = ^1^ * f e I. Let K := r(supp(^)) C G^. Then 
K is compact and open by [3 Lemma 3.2]. Since s{G^) is a nonempty open invariant 
set, it is all of G^^\ Therefore K C s{G'^). So for each u E K, there exists 7^ with 
r(7„) G U and 5(7^) = u. For each u, let B^ be a compact open bisection containing 7^ 
such that r{Bu) C U and s{Bu) C K. Then ls(s„) = 1^^ * If/ * Is^ belongs to /. Since K 
is compact, there is a finite subset {fi, . . . , f„} of K such that : 1 <i <n} covers 

K. By disjointification of the collection {s{By.) : 1 < i < n} (see [3 Remark 2.5]), we 
may assume that the s(-B„J are mutually disjoint. For each i, the function ki := 1s(_b„,) 
belongs to /, so 1/^ = XliLi ^« ^ Hence g = Ik * g E I. 

Conversely, suppose G is not minimal. Let f/ be a nontrivial open invariant subset of 
G^'^\ Then the complement W := G^^^ \U is itself an invariant subset of G^'^\ Let vriy : 
A{G) — > EndF(I^) be the nonzero homomorphism of Proposition 14.31 The kernel of ttw 
is a proper ideal of A{G). To complete the proof, it suffices to show that ker(7rpi/) 7^ {0}. 
To see this, let B C U he a. compact open set. Then Is ^ kervrv^/ \ {0}. □ 
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Proof of Theorem \4.1\ Suppose A{G) is simple. Then iTQio) is injective so Proposition 14.41 
implies that ^0(6")° = G^^^ Since A{G) is simple, every function with support contained 
in G'-^^ generates A{G) as an ideal. Hence, G is minimal by Proposition 14.51 

Conversely, suppose that Iso(G)° = and that G is minimal. Fix a nonzero ideal 
/ in A{G). Then I is the kernel of the quotient homomorphism q : A{G) — )■ A{G)/I. 
Lemma [4.21 implies that there is a compact open subset V C G^^^ such that q{lv) = 0. 
That is, ly G /. Proposition 14.51 implies that the ideal generated by ly is all of A{G), so 
I = A{G). □ 

5. Simplicity of groupoid C*-algebras 

For details of the following, see, for example, [27| or [23]. Let G be a second-countable, 
locally compact, Hausdorff, etale groupoid. The formulas (JT]) and ([2]) for convolution and 
involution on A{G) described in the preceding section also define a convolution and invo- 
lution on Gc{G). With these operations, and pointwise addition and scalar multiplication, 
Gc{G) a complex *-algebra. The /-norm on Cc{G) defined by 

11/11, = sup max{ J2 1/(7)1, E 

is a *-algebra norm (see Proposition II. 1.4 of [27]) but not typically a G*-norm. The full 
norm on Cc{G) is defined by 

11/11 := sup{||7r(/)|| : vr is an J-norm-bounded *-representation of Gc{G)}, 

and G*{G) is defined to be the completion of Cc{G) in the full norm. 

There is a distinguished family of /-norm-bounded representations of Gc{G), called the 
regular representations, indexed by the units of G and denoted Ind„, u E G^^\ Specifically, 
for u G G^^\ the regular representation Ind„ is the representation of Gc{G) on P{Gu) 
implemented by convolution. That is, Ind„(/)5^ = X^/gect-^) fi(^~^l)^i3- The reduced G*- 
algebra G*{G) is the completion of GdG) in the reduced norm ||/||r = sup^g^^co) || Indu(/)||. 
The reduced norm is dominated by the full norm, so G*{G) is a quotient of G*{G). 

We can now state our main theorem. 

Theorem 5.1. Let G he a second- countable, locally compact, Hausdorff, etale groupoid. 
Then G*{G) is simple if and only if all of the following conditions are satisfied. 

(1) G*{G) = G:{G); 

(2) G is topologically principal in the sense that the units with trivial isotropy are 
dense in G^"-*; and 

(3) G is minimal in the sense that G^^^ has no nontrivial open invariant subsets. 

Our proof of Theorem 15.11 relies on the following adaptation of the augmentation repre- 
sentation of a discrete group. Let G be a groupoid as in Theorem 15. II For each u E G^'^\ 
let [u] denote the orbit of u under G; that is [u] = r{Gu)- 

Proposition 5.2. LetG be a second- countable, locally compact, Hausdorff, etale groupoid. 
Fix u E G^^\ There is a unique representation 7r[„] of G*{G) on ^^([m]) = span {5^ : v E 
[u]} such that for each f E G^G) and v E [u], 

(3) T^iu]{f)Sv ■■= Yl /(7)<^r(7)- 
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Proof. For / G Cc{G) and a finite linear combination h = J2ve[u] hv^v, let f-hhe the vector 
J2ve[u] /(7)^f^r(7)- Then /i H- / ■ /i is linear, and f ■ 6y is equal to the right-hand 

side of ([3]). The following is adapted directly from the proof of [23 Proposition II. 1.7]. 
Fix / G Cc{G). For t>,w G [u], we have 

(4) (/ ■ 6.\6^) = J2 (/(7)5.(7)|5.) = = E (^-17(7^^-) = (^'^l/* ■ ^-)- 

7eG„ 76G^ 7eGti, 

Since k f ■ k is linear on span{5^ : G [m]}, it follows that {f ■ k\k') = {k\f* ■ k') for all 
k, k' G Cc([m]). In particular, for a finite linear combination h = X]?;g[u] h^Sv, 

\\f-hr = {{rf).h\h) 

= I Yl (/*/)(7)^s(7)^r(7) 

7eG[„] 

< E i(r/)(7)ii^s(7)ii/^K7)i 

7eG[„] 

= E (i(r/)(7)r/>.(7)i)(i(/7)(7)r/'i/^r(7)i) 

7GG[„] 

So the Cauchy-Schwarz inequality gives 

\\f-hf<{ E \irf)ii)\My\ E i(/7)(/3)ii/^K/3)r)'^' 

E ( E i(r/)(7)i)i/^.p)'^'( E ( E nrfmiyj'"'^' 

v€[u] 7eG„ we[u] i3eG^ 



<ll(/7)ll 
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Proposition II. 1.4 of [27] (or direct calculation) shows that ||/*/||/ < ||/||/; and it follows 
that ||/-/i||<||/||/||/i||. 

Thus, for each / G Cc{G) the formula ([3]) determines a bounded linear operator tt [„](/) 
on and the map / i— )■ tt [„](/) is bounded with respect to the J-norm. By definition 

of the norm on C*{G), it therefore remains only to show that tt^^] is a *-homomorphism 
from Gc{G) to B{f{[u])). The calculation (g]) shows that 7r[„](/)* = vr[„](/*). For f,g e 
Cc{G) and v G [u], 

7rM(/ * g)Sy = E * ^)(7)^r(7) = E f^^)9Wr{c) 

l3£Gv a&Gr(i3) P&Gv 

Hence n^u] is a *-homomorphism as required. □ 

Remark 5.3. The direct sum ec '■= ©[M]gG(o)/G '^^ ^ faithful on Go{G^^^). To see this, 
fix / G \ {0} and u G such that /(u) ^ 0. Then ||eG(/)|| > \\7r[u]{f)Su\\ = 

\\f{u)6u\\ 7^ 0. If G is a (discrete) group, then ec is just the 1-dimensional representation 
of G*{G) induced by the unitary representation e : g ^ 1 of G, sometimes called the 
augmentation representation of G. 
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Remark 5.4. Since we can construct the representations 7r[u] directly, there was no need to 
make use of Renault's theory of representations of G. However, we could have recovered 
Proposition 15.21 from the results of [22] as follows. There is a representation (in the sense 
of [22]) of G on the Borel Hilbert bundle G^") x C determined by : (5(7), z) h-)- (r(7), z). 
If we view counting measure on [u] as a measure on G with support [u], then 7r[„] is 
equivalent to the representation of C*{G) obtained from [221 Proposition 7.1] applied 
to (f/, G*^*^-* X C,/i[„]). For this equivalence, it is crucial that the modular function with 
respect to fi^u] is the identity function. This is automatic because G is second-countable 
and etale so the orbit is countable. 

Proposition 5.5. LetG be a second-countable, locally compact, Hausdorff, etale groupoid. 

(1) Suppose that G is topologically principal in the sense that the set of units with 
trivial isotropy is dense in G^^\ Then every ideal I of the reduced C* -algebra 
C;{G) satisfies I n ^ {0}. 

(2) Suppose that every ideal of the full G* -algebra G*{G) satisfies I fl Cc(G^°^) 7^ {0}. 
Then G is topologically principal. 

Proof. (HD Fix a nonzero ideal / of We must show that /nCe(G(°)) ^ {0}. The first 

two paragraphs of our proof are almost identical to the start of the proof of [TSl Lemma 3.5] 
(which, in turn, acknowledges [2], Proposition 2.4]). Let P : G*.{G) Co(G^°^) be the 
faithful conditional expectation extending restriction of compactly supported functions 
(23 Proposition 11.4.8]. Fix a G /+ such that \\P{a)\\ = 1, and fix 6 e C;(G) + nGc(G) such 
that ||a-6|| < 1/4. Then ||P(6)|| > 3/4 and b-P{b) has compact support K C 

Let U := {u E G^^^ : b(u) > 3/4}. Lemmas 13.11 and 13.31 imply that there exists a 
nonempty open set V U such that VKV = 0. Fix a nonempty open W whose closure 
is contained in V. 

Since G is normal, there is a function / G Gc{G^^^) such that W C supp(/) C V. For 
7 G G 

(/ * (6 - P{b)) * /)(7) = /(r(7))(& - P(6))(7)/(s(7)) = 0. 
So fbf = fP{b)f > 3/4/2. Therefore 

faf > fbf - 1/Af > 1/2 f. 

Since / is an ideal, it is hereditary. Since a, and hence faf, belongs to /, it follows that 
1/2/2 G/nG,(G(o))\{0}. 

(I2j) We prove the contrapositive. Suppose that G is not topologically principal. Lemmas 
13.31 and 13.11 imply that there is an open bisection B in G \ C-^^ consisting entirely of 
isotropy. Let eg- be the direct sum representation defined in Remark 15.31 We show that 
ker(eG') is a nontrivial ideal in G*{G) that does not intersect Go{G^^^). By Remark 15.31 
ker(eG) H Go{G^^^) = {0} so it suffices to construct a nonzero element of ker ec. 

For each u G s{B), let 7^ be the unique element in B such that s(7„) = u. Fix a 
nonzero function / G Gc{G) such that supp(/) C B, and define /o G Gc(G^°^) by 




/(7„) if M G s{B), 
otherwise. 
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Since B n G^^^ = and since / 7^ 0, we have / - /o 7^ 0. We claim that edf - fo) = 0; 
that is, TT[u]{f — fo) = for all u E G^^\ To see this, fix n G G'-^^ and v E [u]. Then 

7r[«](/ - fo)Sv = ^ /(7)'^r(7) - ^ foi<y)5r{a)- 

If V ^ s{B), then /(7) = /o(«) = for all 7, a G G^, so vr[„](/ — fo)Sv = 0. Suppose that 
V E s{B). Since /o is supported on units and / is supported on B, 

'y&Gv a£Gv 

Since B C Iso(G), we have r(7t,) = 3(7^,) = v, and it follows that 7r[u](/ — /o)5i, = 0. □ 

We will use the following standard lemma in the proofs of Proposition 15.71 and Corol- 
lary [El 

Lemma 5.6. Let G be a locally compact, Hausdorff, etale groupoid. Suppose that h E 
Cc{G) is supported on a bisection B and that f E Ge(G(°)). Then h * f * h* E Gc(G(°)) 
with support contained in r (B) C G(°) and satisfies 

ih*f* r)(r(7)) = |/i(7)r/(s(7)) for all ^eB. 

Proof. For a G G, we have 

(5) h*f*h*{a)= H^)f{r^)'m. 

Fix 77//?-^ G G with h{-f)f{r])h{^ ^ 0. Since supp(/) C G^^\ we have r] = 5(7) = s{(3). 
Since h is supported on the bisection B, it follows that 7, /3F G B and /3 = 7. Hence 
'~fr]l3~^ = 75(7)7"^ = r(7) G r(i?). Thus the sum on the right of ([5]) is zero if a ^ r{B), 
and has only one nonzero term h{'~f) f{s {'-/)) h{'-f) = \h{'~f)\'^f{s{'-f)) if a = r{'~f) E r{B). □ 

Proposition 5.7. LetG be a second- countable, locally compact, Hausdorff, etale groupoid. 
The following are equivalent: 

(1) G is minimal in the sense that G'-^^ has no nontrivial open invariant subsets; 

(2) the ideal of G*{G) generated by any nonzero f E Gc(G^°^) is G*{G); and 

(3) the ideal of G*{G) generated by any nonzero f E Cc{G^^^) is G*{G). 

Proof (HD ^ © and (P ^ Q. Let / G Gc(G(°)) \ {0} and let / be the ideal of 
G*(G) generated by /. We claim that Gc(G(°)) C J. Since I n Go(G(°)) is an ideal of 
Go(G(°)), it suffices to show that for each u E G^^\ there exists g E I (1 Go(G(°)) such 
that g{u) ^ 0. Fix u E G^"). Let U := {v E G^") : f{v) ^ 0}. Then U is nonempty and 
open, and hence r{Gu) is open because s is continuous and the local homeomorphism r 
is an open map. So r{Gu) is a nonempty open invariant set, and hence is equal to G'-*^^ 
because G is minimal. In particular, there exists 7 G G such that ^(7) G U and r{^) = u. 
Fix h E Gc{G) such that supp(/i) is contained in a bisection and h{'~f) = 1. Lemma (5.61 
implies that {h* f * h*){u) = 1/^(7)^/(5(7)) = /(s(7)) 7^ 0. So g := h * f * h* belongs to 
/ n Go(G^'''') with g{u) = 1. This proves the claim. 

Fix F E Gc{G). Then any g E Gc(G'^°^) such that 5'|r(supp(F)) = 1 satisfies g * F = F. 
Hence Gc(G) C J, and so / = G*(G). Let q : G*(G) ^ G;(G) be the quotient map. Then 
the ideal of G*(G) generated by / is q{I). Since q restricts to the identity map on 
Gc(G), we have Gc(G) C as well, and hence Ir = G*{G). 



SIMPLICITY OF ALGEBRAS ASSOCIATED TO ETALE GROUPOIDS 



13 



© =^ dl]) and ([3]) =^ ([T]). We prove the contrapositive. Suppose that f/ is a 
nonempty proper open invariant subset of G^^\ Fix / G Cc{G) \ {0} such that supp(/) C 
U. Then / e Cc{G^^^). Fix u G \ f/. Since G^") \ [/ is invariant, [m] C G(^) \ U, so 
/(f) = for all w G [u]. It follows that the image of / under the regular representation 
Ind^i is zero. On the other hand, for any g G Cc(G^°^) such that g{u) = 1, we have 
lndu{g)Su = g{u)5u 7^ 0. So Ind^ is a nonzero representation of Cc{G) with nontrivial 
kernel. Since Ind„ extends to each of G*{G) and G*{G) it follows that the ideals of each 
of C*{G) and C*{G) generated by / are proper ideals. □ 

Remark 5.8. Suppose that G is locally compact, Hausdorff and etale. Thomsen observes 
in [3l] that if G has a unit with trivial isotropy, then G is topologically principal when- 
ever it is minimal (see Remark 12. 2p . He then deduces that if G has a unit with trivial 
isotropy, then C*{G) is simple if and only if G is minimal. We recover this result from 
Proposition 15.5(1 2]) together with ([T]) <^==^ ([2D of Proposition 15.71 

Proof of Theorem \5.1[ Suppose C*{G) is simple. Then the quotient map from C*{G) — )■ 
G*{G) has trivial kernel and hence the two coincide. Moreover, C*{G) is the only nonzero 
ideal of C*{G) and C*{G) nGo{G^^^) ^ {0} so Proposition ES] implies that G is topologi- 
cally principal. The simplicity of C*{G) implies that every / G Cc(G^°-') generates G*{G) 
as an ideal and so Proposition 15.71 implies that G is minimal. 

Now suppose that C*{G) = C*{G) and that G is topologically principal and minimal. 
Fix a nonzero ideal / in G*{G). Since G*{G) = C*{G), Proposition I5.5IIT] ) implies there 
exists a nonzero / G Gc{G^^^) D /; and then =^ of Proposition 15.71 implies that 
the ideal generated by / is C*{G). Thus I = C*{G). □ 



Corollary 15.91 below characterises the measurewise-amenable, etale groupoids for which 
the ideal structure of C*{G) coincides with the G- invariant ideal structure of Go{G^^^). 
The argument for the "if implication is standard (see, for example, [23 Proposition 4.6]), 
but we include it for completeness. 

The notion of amenability for groupoids is somewhat technical; for a detailed discussion, 
see [3]. For our purposes, we only need the following two facts. First, if G is measurewise 
amenable, then G*{G) = G*{G) [31 Proposition 3.3.5]. Second, suppose that f/ C G° 
is open and invariant. If G is measurewise amenable then each of Gu and Gq(o)\jj is 
measurewise amenable [31 Corollary 5.3.21] Jl 

If D C G° is a closed invariant set, then {/ G Cc{G) : /|gd = 0} an ideal of 
G*{G) isomorphic to C* {G q(o)\j^) , and the quotient is isomorphic to G*{Gi:,) (see [2T1 
Lemma 2.10]). This decomposition fails in general for reduced G*-algebras. 

Corollary 5.9. Let G he a second- countable, locally compact, Hausdorff groupoid. Sup- 
pose that G is measurewise amenable and etale. Then D {f E Gc{G) : /Igd = 0} is a 
bijection between closed invariant subsets of G^'^'^ and ideals of C*{G) if and only if, for 
every closed invariant D C G^^\ Gd is topologically principal. 

Proof. First, we claim that there is a bijection between closed invariant subsets D and 
ideals of the form I fl Go(G''°^), where / is an ideal in G*{G). Let D be a closed invariant 
subset. Then the map that sends D to the ideal {/ G Co{G^^^) : flo = 0} C Co{G^°^) is a 
well defined injection. To see that this map is a surjection onto the set of ideals of the form 
/ n Go{G), let / be an ideal of C*{G). Since the multiphcation in Go{G^^^) is pointwise. 



'^Gjj embeds properly into G since G aets properly on itself. 
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the ideal / n Co{G^°^) has the form {/ G Co{G^^^) : flo = 0} for some closed D C G^. 
We show that D is invariant by establishing that its complement is invariant. Fix 7 G G 
such that s(7) ^ D, and / G / fl Co{G^^^) such that /(s(7)) = 1. We must show that 
r(7) ^ D. Let i? be an open bisection of G containing 7, and h he a function supported 
on B such that /i(7) = 1. By Lemma 1531 {h * f * h*){r{'y)) = |/i(7) P/(s(7)) = 1, so 
r(7) ^ D. This proves our claim. 

Now, it suffices to show that J H- / H Gq^G^'^^) is a bijection if and only if Gr, is 
topologically principal for each closed invariant D C G^^\ 

First, suppose that is topologically principal for every closed invariant D C G^^\ 
Fix an ideal / of G*(G). Let J be the ideal of G*(G) generated by /nGe(G(°)). Then J CI. 
Since G is measurewise amenable, G*{G) = G*{G). Hence J ^ {0} by Proposition 15.51 
We must show that J = I. 

Let Jo := J n Go(G(°)), and let D := {u e : f{u) = for all / G Jq}; so Jq is 
the ideal {/ G Go(G(°)) : f{u) = for all u e D} oi Go(G(°)). As above, D is a closed 
invariant subset of G^^\ So [29| Remark 4.10] implies that restriction of functions induces 
an isomorphism G*{G)/J = G*{Gd), and this isomorphism carries I/J to an ideal of 
G*{Gd) which has trivial intersection with Go{D) by construction of J. Corollary 5.3.21 
of [3] implies that Gd is measurewise amenable, so Proposition 15.51 implies that I/J is 
trivial and hence / = J as required. 

We prove the reverse implication by contrapositive. Suppose that there exists a closed 
invariant subset D of G^^-* such that Gd is not topologically principal. Lemma [3.31 shows 
that Iso(Gd)° 7^ D. Let I{D) be the ideal of G*(G) generated by {/ G G,{G^^^) : 
/l^) = 0}. Again by [23 Remark 4.10], restriction of functions induces an isomorphism 
: G*{G) / I{D) — ;> G*(Gz)). Proposition 15.51 applied to the groupoid Gd gives a nontrivial 
ideal J of G*{Gd) such that J n Gc{D) = {0}. Let qd : C*(G) ^ G*(G)/J(D) and 
qj : G*(Gj:)) — )■ G*{Gd)/J be the quotient maps. Let K := ker(gj o o gj^). That 
JnGc{D) = {0} forces KnGc{G^°^) = Go{D). That J is nontrivial implies that K ^ I{D). 
Since n Go(G(°)) = I{D) n Go(G(o)), the resuh follows. □ 

Remark 5.10. The hypothesis of measurewise amenability in Corollary 15.91 is required 
only to guarantee that G*{Gd) = G*{Gd) for every closed invariant subset of G^^\ So 
the theorem also holds under this formally weaker (but less checkable) hypothesis. 

Recall that an etale groupoid G is locally contracting if for every nonempty open subset 
U of G^^\ there exists an open subset V ofU and an open bisection B such that V C s(B) 
and r{BV) Q V ^ Definition 2.1]. In the following corollary, we use Theorem 15.11 and 
Lemma [3. II to strengthen |2l Proposition 2.4]. 

Corollary 5.11. Let G be a second- countable, locally compact, H aus dor ff groupoid. Sup- 
pose that G is also locally contracting and etale, and that G*{G) is simple. Then G*(G) 
is purely infinite. 

Proof. Theorem 15.11 implies that G is topologically principal, so [21 Proposition 2.4] implies 
that every nonzero hereditary *-subalgebra of G*(G) contains an infinite projection. □ 

6. Examples 

In this section, we present some examples to indicate why the hypotheses on our main 
theorem are needed. We also demonstrate that the second assertion of Lemma 13.31 fails if 
G is either not second countable or not etale. 
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Example 6.1 (Amenability). One might wonder at first sight whether Theorem lS. ll could be 
strengthened to a characterisation of simphcity for C*{G) for locally compact, Hausdorff, 
etale groupoids. We cannot expect this: the free group F2 on two generators, regarded as 
a discrete groupoid with just one unit, is a second countable, locally compact, Hausdorff, 
etale groupoid such that Iso(F2)° = F2 7^ {IF2}) ^-iid Powers proved in [2l] that C*(F2) is 
simple. 

Example 6.2 (Twisted groupoid algebras). Our characterisation of simplicity does not 
extend to groupoid C*-algebras that are 'twisted' by a 2-cocycle, as defined in [27]. To 
see why, consider the group regarded as a discrete groupoid with one unit. This is a 
locally compact, Hausdorff, etale, amenable groupoid with Iso(Z^) = Z^, so our theorem 
reduces to the observation that C*(Z^) = C(T^) is not simple. To see that this does not 
extend to twisted algebras, fix ^ G [0, 1] \ Q and let : x — T be the T- valued 
2-cocycle 6'((mi, 7722), (rii, 712)) = e*^*^™"^"^-*. It is well known that the twisted groupoid 
C*-algebra C*{Z^,(f)e) is the irrational rotation algebra Ag and hence simple. 

We proved in Lemma 1331 that if G is second-countable and etale then G is topologically 
principal if and only if the interior of the isotropy is G^^^ . We also showed that the "only if 
implication holds without the assumption of second-countability. One might ask whether 
the conditions are equivalent in general. Of course, if G is not etale then is usually 
not open, so we cannot expect the interior of the isotropy to be equal to G^^\ But 
an equivalent condition for etale groupoids which does generalise to non-etale groupoids 
is that interior of the isotropy is contained in G^^\ The next example shows that for 
non-etale G, this condition is strictly weaker than G being topologically principal. 

Example 6.3. Let X := (0, 1) x T. Define a continuous action of M on X by 

Let G be the transformation-group groupoid X x M. For each u = (s,e*^) G G^^\ the 
isotropy group is = {u} x jZ, so no point in G^'^^ has trivial isotropy. Fix an open set 
U in G. We must show that U \ Iso(G) 7^ 0. Since U is open, there exist < a < 6 < 1, 
e G (0,27r), and t G M \ {0} such that ((a, 6) x {e*^}) x {t} C U. Fix s G (a, 6). If 
st ^ Z then ((s, e*^), t) G f/ \ Iso(G'). So suppose that st G Z. Choose e G (0, j) such that 
s+e G (a,fe). Then st < {s+e)t < st+1, so {s+e)t ^ Z. Hence {{s+e,e'^),t) G f/\Iso(G). 

Our next example also satisfies Iso(G)° = G^^^ without being topologically principal. 
This time G is etale and has totally disconnected unit space, but is not second countable. 
This shows that Lemma [4.21 is strictly stronger than [TJ Theorem 5.2]. 

Exam^ple 6.4. Let K denote the Cantor set and give T the discrete topology. Let X be 
the topological product space {K fl (0, 1)) x T. Define an (algebraic) action of M on X by 
restriction of the action of Example 16.31 Endow the acting copy of M with the discrete 
topology. Then the action is continuous and the transformation groupoid G is etale (but 
not second countable). Moreover, every open subset of G which does not intersect G^^^ 
contains a subset of the form {{K n (a, b)) x {e*^}) x {t} as in Example 16. 3^ so arguing as 
in that example (using that K fl (a, b) has no isolated points), we see that the interior of 
the isotropy subgroupoid is G^^\ 

In Examples 16.31 and 16. 4^ there are many nontrivial closed proper invariant subsets of 
(^(0) have not found an example of a locally compact, Hausdorff, etale groupoid that is 



16 



JONATHAN BROWN, LISA ORLOFF CLARK, CYNTHIA FARTHING, AND AIDAN SIMS 



also minimal and satisfies the equivalent conditions of Lemma l3TT] but is not topologically 
principal. 

7. Exel-Vershik systems 

When we first began trying to prove that A{G) is simple if and only if G is minimal 
and topologically principal, we went looking for examples — other than /c-graph groupoids 
— of etale groupoids with totally disconnected unit spaces to test the hypothesis. We 
were led to the work of Exel and Vershik in [11] . Their characterisation of simplicity [HI 
Theorem 11.2] led us to condition (|3]) of Lemma l3TT] and from there to our main simplicity 
theorems. In this section, we investigate the relationship between our result and that of 
Exel and Vershik. We obtain a generalisation of their simplicity theorem to a very broad 
class of dynamical systems. 

Recall that an Ore semigroup is a monoid M which is cancellative and satisfies: 

(6) for all m,n & M, there exist p,q ^ M such that pm = qn. 

Definition 7.1. An Exel-Vershik system is a triple (X, M, T) consisting of a second- 
countable, locally compact, Hausdorff space X, a countable discrete Ore semigroup M, 
and an action T of M on X by local homeomorphisms; we write T™ for the local homeo- 
morphism associated to m G M. 

Remark 7.2. Every commutative monoid and every group is an Ore semigroup: if M is 
commutative then nm = mn and if M is a group then m~^m = n~^n. Indeed, a monoid 
M is an Ore semigroup if and only if there is an embedding of M in a group F = r(M) 
such that r = M-^M (see, for example, [T^ Theorem 1.2]). The group F is unique up to 
isomorphism and we call it the Grothendieck group of M. 

Let {X,M,T) be an Exel-Vershik system and let F(M) be the Grothendieck group of 
M. Consider the set 

G{X, T) ■= {(x, m-^n, y) E X x F(M) x X : m, n G M, T'"(a:) = 

Remark 17.21 and [TOl Proposition 3.1] imply that the formulas 

r{x,m~^n,y) = X s{x,m~^n,y) = y 

{x,m~^n,y) ■ (y,p~^q,z) := {x,m~^np~^q, z) {x,m~^n,y)~^ = {y,n~^m, x) 

make G{X,T) into a groupoid0 

For precompact open subsets U,V of X and m,n E M such that T"^\u and T"|y are 
homeomorphisms and T^{U) = T"(K), let 

Z{U, V, m, n) := {(x, m'^n, y) : x EU,y eV, T'"(x) = T"(?/)}. 

Then the sets Z{U,V,m,n) form a base of precompact open bisections for a second- 
countable topology on G{X,T). Under this topology, G{X,T) is a locally compact, 
Hausdorff, etale groupoid [lOl Proposition 3.2]. 

Examples 7.3. (1) If M = N then G{X,T) is the Deaconu-Renault groupoid of the 
local homeomorphism T [8]. 



We define G{X,T) slightly differently than in |10j to make it more compatible with Example 17. 3tp|) 
below. 
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(2) Let M be a discrete group and suppose T is an action of M on X. Then is 
a homeomorphism for all G M so in particular a local homeomorphism. The 
Grothendieck group of M is M. Further if T™(x) = T"(y) then x = T'^"'"(y). So 

G(X,T) = {{T\y),g,y) ■.yeX,geM} 

and for each basic open set Z{U^ V, m, n), we have 

Z{U,V,m,n) = {(T"^'^"(y),m-^n,|/) : y e V, T'^'^y) G U} 

= {(T-~'"(y), m-^n, y) : y e V n T"''-(t/)}. 

Thus the map {T^{y),g,y) t-)- {g,y) induces an isomorphism of G{X,T) with the 
transformation-group groupoid X xit M. 

(3) Let A be a row-finite fc-graph with no sources as in [l7j. Recall that A°° denotes 
the infinite-path space of A and that for n G we write for the shift map 
(t"(x)(p, q) = x{p + n, q + n) on A°°. The groupoid G\ of [17] is then identical to 
the groupoid corresponding to the Exel-Vershik system (A°°, N'^, cr). Kumjian and 
Pask show that Ga is amenable in [T71 Theorem 5.5]. 

The following definition is a straightforward generalisation of [HI Definition 10.1] to 
arbitrary Exel-Vershik systems. The notion of topological freeness of {X, M, T) given here 
is formally weaker than that of [5l Definition 1] when M is a countable discrete abelian 
group. 

Definition 7.4. We say an Exel-Vershik system (X, M, T) is topologically free if for every 
pair m ^ n & M the set {x G X : T™(x) = T"(x)} has empty interior. 

Proposition 7.5. An Exel-Vershik system {X,M,T) is topologically free if and only if 
the associated groupoid G{X, T) is topologically principal. 

Proof. Suppose that (X, M, T) is not topologically free. Then there exist m n E M and 
an open set U C X such T^{x) = T^{x) for all x E U. Fix z E U and neighbourhoods Wm 
and Wn of z in [/ such that T'liy^ is a homeomorphism for I = m,n. Define V = WmriWn- 
Then z eV and T'|v^ is a homeomorphism for both I = m,n. Since T"^(x) = T"(x) for 
all X G y C we have T"^(y) = T"-(y), so the set Z{V,V,m,n) is an open subset of 
Iso(G(X, T)) \ X. Thus Lemma [3731 implies that G{X,T) is not topologically principal. 

Conversely, suppose that G is not topologically principal. By Lemma 13. 3[ there exists 
an open bisection B C G{X,T) \ X such that r(7) = 5(7) for all 'j E B. So there is a 
basic open set Z{U, V, m, n) contained in B. That B C G(X, T) \ X forces m ^ n. Since 
Z{U, V, m,n) <^ B and r(7) = 5(7) for all 7 G -B, we have = ^ and T"^a; = T"'x for all 
X E U. So (X, M, T) is not topologically free. □ 

Remark 7.6. The following special case of Example ([T]) was considered in [B]. Let X be 
a compact Hausdorff space and T : X — )■ X a covering map. Proposition 17.51 implies 
that (X, M, T) is topologically principal, and so Proposition 15.51 recovers [51 Theorem 6 
((1) ^ (2))]. 

Remark 7.7. Recall from [T71 Definition 4.3] that a row-finite fc-graph A with no sources 
is aperiodic if for any w G A" there exists x G A°° such that r(x) = f and a^{x) 7^ (t'"(x) 
for all m 7^ n G N'^. Recall also from [321 Definition 1] that A has no local periodicity if for 
any n ^ m E N'' and f G A° there exists x E A°° such that r(x) = f and 0""(x) 7^ a"^{x). 
Kumjian and Pask show that A is aperiodic if and only if Ga is topologically principal [171 
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Proposition 4.5]. A similar argument shows that A has no local periodicity if and only 
if the Exel-Vershik system (A°°,N'^,cr) is topologically free. Thus Proposition 17.51 can be 
viewed ClS db generalisation of [321 Lemma 3.2]. 

Theorem 15.11 and Proposition 17.51 imply that if the full and reduced C*-algebras of the 
groupoid G{X, T) of an Exel-Vershik system (X, M, T) coincide, then the associated C*- 
algebra C{X) xij- r(M) is simple if and only if the system is topologically free and for 
each X G X the orbit 

[x]t := {y e X : T"'y = T"x for some m, n G M} 

is dense in X. It is therefore an interesting question whether C*{G{X, T)) = C*(G(X, T)) 
whenever r(M) is amenable. We give a partial answer which applies to all systems for 
which Exel and Renault's results guarantee that the Exel crossed product C(X) Xrr(M) 
of [9] coincides with C*(G(X,T)). 

Corollary 7.8. Suppose M is an Ore semigroup such that r(M) is amenable. Suppose 
that {X,M,T) is an Exel-Vershik system satisfying the standing hypotheses 4-i of [TU] . 
Then C*{G{X,T)) = C;{G{X,T)). Moreover, C{X) Xrr(M) is simple if and only if the 
system is topologically free and [x\j, = X for each x G X. 

Proof. The second assertion follows from Theorem 15.11 once we show that C*(G'(X, T)) = 
C;(G(X, T)). For this let tt be the isomorphism vr : C{X) Xrr(M) ^ C*{G{X, T)) of ^ 
Theorem 6.6], and let q : C*(G(X,T)) ^ C;(G(X,T)) be the quotient map. It suffices 
to show that g o vr is injective. For this, just run the proof of [101 Theorem 6.6] replacing 
C*(G(X, T)) with C*(G(X, T)). It is only necessary to check that go (vr x a) is injective on 
each graded subspace, and for this the argument of [TDl Proposition 6.5] suffices because 
the calculations in that proof involve elements of Cc(G(X, T)). □ 

Amenability issues disappear when considering the Steinberg algebras of Section 14. 1[ 
So Exel-Vershik systems (X, M, T) where X is a Cantor set should provide many inter- 
esting examples of Steinberg algebras A(G(X, T)) for which simplicity is characterised by 
Theorem 14.11 
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